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E Uniqueness of QIC mode in Gaussian states 74
i
F The detailed derivation of Eq. (5.2.17) 76




Where is information stored in quantum systems? This fundamental question plays a
crucial role in black hole physics. Ever since Hawking discovered a potential problem to
incorporate quantum field theory with gravity in 1976 [1], it still remains elusive whether
Nature is or is not able to destroy information in black holes emitting Hawking radiation
[2]. If information is preserved in black hole evaporation processes, which is supported
by the AdS/CFT correspondence [3], it is quite important to explore the structure of
information storage. Several candidates for the information-carrying degrees of freedom
have been proposed such as the Hawking radiation itself [4, 5], hidden messengers in it [6],
black hole quasi-normal modes [7], soft hairs [8–10], and the zero-point fluctuation [11] as
the purification partner of the Hawking radiation [12]. On the other hand, investigation
on information storage is also of practical importance in developments of quantum tech-
nologies such as quantum computation [13], quantum repeaters [14] in quantum network
[15], quantum cryptography [16] and quantum authentication [17].
In this thesis, based on the author’s published works [18–21], he will address the
question of where information is stored and provide a new tool to identify and help isolate
the exact degrees of freedom carrying information in quantum systems, called quantum
information capsule (QIC). In particular, a formula to identify QIC in quantum fields [19,
21] is of fundamental importance since a formula to identify the partner mode in Ref. [22]
can be derived from it, which has been used in studies of information storage in quantum
fields in curved spacetimes [12, 22, 23] and of protocols to extract entanglement from
a field [24, 25]. In addition, the results in these works are also expected to be useful to
control and help optimize the flow of information in quantum communications, e.g., in and
between quantum computers. As an explicit application of the QIC technique, the author
investigated communication through quantum fields in Ref. [21]. A new communication
protocol using the vacuum fluctuations of the quantum field is proposed, with which the
efficiency of information transmission can be enhanced.
Let us start with analyzing information stored in classical systems such as hard disks in
conventional classical computers. As a simple model, consider a storage system composed
of N units, each of which is capable of storing one bit information, i.e., it can be either 0 or
1. The state of this system can be described by an N -length binary number b = b1b2 · · · bN ,
where bi = 0 or 1. Suppose that the system is initialized to a fixed binary number b and
one bit information c = 0 or 1 is encoded into the first unit by the exclusive disjunction ⊕.
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As a consequence, the state of the storage turns into b′1b2 · · · bN , where b′1 := b1⊕c. In this
case, the encoded information can trivially be retrieved by reading out the first unit since
the encoded information c is uniquely determined as c = b1 ⊕ b′1. Therefore, information
is locally stored in the storage system. A schematic picture of this situation is depicted
in Fig. 1.1.
Figure 1.1: A schematic picture of a model of classical information storage systems. Each
square represents a bit. When a system is initialized to a fixed state b = b1b2 · · · bN , locally
encoded information is stored locally.
Let us investigate another case where the classical storage system is probabilistically
initialized. In the initialization process, a fair coin is flipped. If the result is head, the
storage system is initialized to be 0 · · · 0, while if it is tail, it is initialized to be 1 · · · 1. After
this initialization, we encode information of a bit c = 0, 1 on the first unit by the exclusive
disjuction ⊕. In this case, the encoded information cannot be retrieved only from the first
unit. For example, when the readout of the first unit is 0, either of the following two cases
are true (a) the unit is initially 0 and the encoded information is c = 0, or (b) the first
unit is initially 1 and the encoded information is c = 1. When one encodes information
c = 0, 1 with equal frequency, these two cases occurs with equal probability, meaning that
we cannot estimate the encoded information c from the readout of the first unit. Of course,
it is possible to decode the information by reading out one of the other units in addition to
the first one. This is because the encoded information is c = 0 if the readouts of the first
and second units are the same and c = 1 if they are different. From these considerations,
we have leaned two lessons: (i) the initial probabilistic fluctuations of the system affects
the way how information is stored, and that (ii) locally encoded information can be stored
in non-local correlations if the system has correlated probabilistic fluctuations.
The above example of classical storage with a probabilistic initialization may seem to
be artificial. However, such probabilistic fluctuations and correlations typically exist in
quantum systems. In particular, due to the entanglement, correlated quantum fluctuation
emerges without introducing a probability mixture of states by hand. Therefore, non-
local correlations in an entangled state can be used to enhance the precision of estimating
encoded information [26]. As an example, consider an N -qubit system which is initially
in the following state:
|Ψ〉 = 1√
2
(|0000 · · · 0〉+ |1111 · · · 1〉) , (1.0.1)
where |0〉 and |1〉 are unit eigenvectors of the Pauli-z operator σ̂z with eigenvalues +1
and −1, respectively. Let us encode one classical bit information c = 0, 1 by an encoding
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operation Ŵ = e−i
π
2
cσ̂x ⊗ Î⊗(N−1)2 , where σ̂x := |0〉 〈1|+ |1〉 〈0| is the Pauli-x operator and





(|0000 · · · 0〉+ |1111 · · · 1〉) (if c = 0)
−i√
2
(|1000 · · · 0〉+ |0111 · · · 1〉) (if c = 1)
. (1.0.2)
Similar to the classical storage with probabilistic initialization, no information can be
retrieved if one only investigates the first qubit since the result of any local measurement
on the first qubit does not depend on the encoded information c. The encoded information
can be identified by using correlations between the first qubit and another one. Therefore,
even in this simple example, it is a non-trivial task to identify the exact degrees of freedom
carrying the information.
In order to investigate how a system stores information, one promising strategy is to
find a good way to divide the system into small subsystems to isolate the exact information
carrier. If a subsystem shares no correlation with its complement system, those subsystems
can be analyzed independently without any loss of information.
A well-known type of such a system is a pair of partners. Consider a quantum system
and its subsystems. Typically, subsystems are correlated with each other even when
the total system itself has no correlation with other degrees of freedom. For a given
subsystem A, which has correlation with its complement system, another subsystem B is
called a partner of A if the composite system AB is not correlated with its complement
system. For a finite-dimensional system in a pure state, it is always possible to find a
partner system B of a given subsystem A, whose Hilbert space has the same dimension
as the subsystem A. For example, when an N -qubit system is in the pure state given in
Eq. (1.0.1), a partner of the first qubit is a subsystem of other qubits characterized by
the two-dimensional Hilbert space spanned by |0 · · · 0〉 and |1 · · · 1〉. Information encoded
on the first qubit is partially stored in correlations with its partner, while no information
is shared with other degrees of freedom. Fig. 1.2 shows a schematic figure for this picture
where encoded information is stored in correlations between the first qubit and its partner.
The notion of partners has been used to investigate the structure of quantum storage and
the entanglement structure. For example, properties of partners have been analyzed in
black hole evaporation models using finite-dimensional systems [10, 27, 28] and quantum
fields [12, 23]. In studies on a protocol extracting entanglement from a field [24, 25], a
trade off relation between the amount of extracted entanglement and the energy cost has
been found by using the notion of partners.
More generally, for a given encoding operation and a given initial state of the system,
the smallest subsystem initially in a pure state on which encoding operation acts plays
the role of an exact carrier of encoded information. The author termed such information-
carrying degrees of freedom a quantum information capsule (QIC) [18, 19, 21]. In the
example of Eq. (1.0.2), it is shown that a degrees of freedom associated with a two-
dimensional Hilbert space, i.e., a qubit, plays the role of a QIC. In this new picture, as
opposed to the picture of partner qubits sharing the information, a single-qubit QIC stores
all information without sharing any correlation with other degrees of freedom. In Refs.[18,
19], information stored in a system composed of N qudits, i.e., systems associated with
d-dimensional Hilbert space, has been investigated. For a general encoding operation
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Figure 1.2: A schematic figure for the picture of partners storing encoded information.
Each circle denotes a qubit. Classical information c encoded on the first qubit is stored
in correlations between the first qubit (blue circle) and its partner qubit (green circle).
generated by an arbitrary Hermitian operator on a qudit and an arbitrary initial pure
state of an N -qudit system, it is shown that a single qudit plays the role of a QIC. If
one swaps the state of the single-qudit QIC with the state of an external system, no
information remains in the system. Fig. 1.3 shows the picture of QIC where information
is stored in a single qudit system. The author then extends the analysis to information
encoded by a product of unitary operations generated by Hermitian operators as an
example of more general encoding operations. By using a general protocol to identify a
single-qudit QIC and the time-evolution of the QIC, it can be explicitly seen that the
structure of information storage becomes complicated since the information encoded by
each operation affects each other. In a system with a chaotic dynamics, however, it is
shown that the structure becomes quite simplified and multiple single-qudit QICs emerge
[20]. The dynamics adopted here is the so-called Haar-random unitary, which is commonly
used in a model of a fast scrambling effect [29] in evaporating black holes, e.g., in Refs.
[10, 30].
Figure 1.3: A schematic figure for the QIC picture. When information is encoded on
the first qubit, the exact carrier is a qubit (red circle) associated with a two-dimensional
Hilbert space.
The author then also analyzed QICs in continuous-variable systems such as quantum
fields. Unlike in multiple-qudit systems, it is quite hard to address a quantum field’s local
degrees of freedom consistent with relativity. For example, it is known that introducing a
naive projective measurement on a quantum field results in a superluminal signaling [31].
In order to overcome this issue, it is common to introduce first-quantized systems such
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as qubits which interact with the field. Since the localization properties of first-quantized
systems are fully controlled, these systems can be used to detect particles of the field along
with spatial information. In particular, when the interaction Hamiltonian between such
a detector and a field is given by a product of observables of each system, the detector
is called an Unruh-DeWitt (UDW) detector [32, 33]. In a famous study [32], it is shown
that a uniformly accelerating detector observes a thermal radiation of the quantum field
in its vacuum state. This phenomena, called the Unruh effect, suggests that the notion
of particle is closely related not only to the quantum state of the field but also to the way
how we introduce a detector of the field.
From an algebraic point of view, a particle, or equivalently, a mode in a field is
characterized by a set of two operators satisfying the canonical commutation relation.
Similar to a harmonic oscillator system in non-relativistic quantum mechanics, one can
introduce the number operator of a mode, which counts the number of particles. A first-
quantized system coupling to the mode plays the role of a detector for it. Typically, a
mode in a quantum field is correlated with the rest of the field. If one only investigates
this particular mode, the information stored in the correlations will be lost. In Ref. [12],
it was shown how to identify the exact partner mode which, together with the mode in
question, is in a pure state when the field is in its vacuum state. The pair of a mode and
its partner is then not correlated with all other modes. The author and his collaborator
then proved a generalized formula to identify the partner mode for an arbitrary mode
with respect to an arbitrary Gaussian pure state [22]. This set includes all pure states
characterized by the first and second moments of canonical variable such as the vacuum
state, coherent states and squeezed states. This formula for bosonic fields [22] has been
extended to fermionic fields in Ref. [25]. If one encode information into a field through an
operation on a mode of the field, the information is partially stored in correlations with
its partner mode while no information is stored in other modes.
Although a pair of partners is an example of information-carrying subsystem, we can
analyze a more general setup by using the notion of QIC. For a given encoding operation
that may involve multiple modes, the smallest number of modes satisfying the following
two conditions stores the information in its entity and plays the role of a QIC: (a) the
modes are initially in a pure state and (b) the encoding operation acts on the modes.
In Ref. [19], the author and his collaborator derived a formula to identify a QIC for
encoding operations generated by a single Hermitian operator. By extending the formula
to a more general case where encoding operations are generated by k Hermitian operators,
the author and his collaborators proved (at most) k modes play a role of QIC and obtained
a general formula to identify those modes [21]. In the framework of QIC, a pair of partners
can be understood as a special case of two-mode QIC and the partner formula [22] can
be derived as a collorary of the QIC formula.
As an application of the QIC analysis, the author then investigated communication
protocols through quantum fields. In conventional wireless communication technologies,
a sender emits an electromagnetic wave by causing a disturbance in the electromagnetic
field which then propagates through the field and is later captured by a receiver. Given
the progress in quantum technologies, it is becoming important to develop the underlying
theory for communications where the quantum properties of emitting devices, the field
mediating the information and receiving devices are fully taken into account. Analyzing
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communication protocols with emitting and receiving devices modeled by UDW detec-
tors, several non-trivial properties have been revealed. In (3 + 1)-dimensional Minkowski
spacetime, a disturbance in a massless field propagates at the speed of light since the com-
mutator of canonical variables has non-vanishing support only on the light cone. This
phenomena is called the strong Huygens principle [34, 35]. The strong Huygens prin-
ciple is known to be violated in (3 + 1)-dimensional curved spacetime in general, and
in (1 + 1)- and (2n + 1)-dimensional Minkowski spacetime. Thus, in a spacetime where
the strong Huygens principle is violated, signals in a massless scalar field can propagate
slower than light. In particular, information can be transmitted to a time-like separated
region without energy exchange between a sender, Alice, and a receiver, Bob. In this
case, the receiver has to provide energy to retrieve information [36]. In the analogy with
collect calling in conventional communication, this protocol is referred to as quantum
collect calling. Another example is the quantum shockwave communication proposed in
Ref. [37]. When multiple emitters located at spatially separated regions, disturbances
caused by them can form a quantum shockwave. By using entangled emitters, it is shown
that the efficiency of communication from Alice to Bob can be locally enhanced when
Bob prepares a receiving device located around the wavefront of the shockwave [37]. In
order to investigate the flow of information further, the author and his collaborators first
applied the QIC method to a communication protocol using UDW detectors in Ref. [21].
In the limit of ultra-fast coupling, the time-evolution unitary operator of UDW-type in-
teraction is generated by finite number of Hermitian operators of the field. Hence the
exact carrier of information can be identified with the method of QIC. By calculating the
time-evolution of QIC modes, propagation of information can be tracked. It is shown that
the strong Huygens principle, its violation and the formation of quantum shockwave can
be visualized by using the technique of QIC.
The author further explored a way to enhance the efficiency of transmission of infor-
mation by using multiple receiving devices. In communications through quantum fields,
unlike communications through classical fields, quantum fluctuations ubiquitously exist.
Furthermore, the fluctuations have non-local correlations due to the spatial entanglement
in the field. It implies that even when information is encoded in a spatial region with a
finite support, the QIC mode has a tail outside the region. Based on this observation,
it is proved that the channel capacity, a quantifier of efficiency of communication, be-
tween a sender, Alice, and a receiver, Bob, can be enhanced by Bob placing receiving
devices not only inside but in addition also outside the causal future of Alice’s encoding
operation [21]. Intuitively, this type of phenomena can be understood as follow: Even
the quantum field is initially in its vacuum state, quantum fluctuation plays a role of
noise. Since the fluctuations in different spatial regions have correlations, by measuring
the quantum field outside the causal future of Alice’s encoding operation, it is possible
to enhance the signal-to-noise ratio of Bob’s receiving device inside the causal future of
Alice. A schematic picture is shown in Fig. 1.4. This is a new type of superadditivity of
channel capacity in communication through quantum fields.
This thesis is organized as follows: In Chap. 2, we will introduce notations and review
basic properties of quantum systems. In particular, we will focus on notions related with
“subsystems”, which play central roles to develop the method of QIC. In Chap. 3, the




Figure 1.4: A schematic picture for an intuitive explanation of enhancement in efficiency
of communication using the pre-existing entanglement of the field. The vacuum fluctua-
tion (green lines) has non-local correlations, which play a role of noise. A red-colored emit-
ter make a disturbance (yellow lines) in a quantum field, which then propagates through
the spacetime and is later captured by a blue-colored receiver located on the smeared
light cone (yellow dashed lines). A receiver outside the smeared light cone cannot receive
the signal. Nevertheless, it measures the vacuum fluctuation which is correlated with the
noise captured by the other receiver.
20]. We will first provide a way to construct a QIC for a class of simple encoding operations
generated by a Hermitian operator. For more general encoding operations, the structure of
quantum storage becomes complicated. In a chaotic system with Haar-random dynamics,
however, it is shown that the structure of quantum storage is quite simplified, which
results in the emergence of decoupled single-qudit QICs. In Chap. 4, we extend the
analysis to continuous-variable systems such as harmonic oscillator chains and quantum
fields. We will derive a formula in Refs. [19, 21] to identify a QIC composed of information-
carrying modes for encoding operations generated by Hermitian operators given by linear
combinations of canonical variables with respect to an arbitrary pure Gaussian state.
In Chap. 5, we will investigate communication protocols using UDW detectors with the
method of QIC. We will first visualize and analyze the spread of information by calculating
the time evolution of the QIC. It is shown that a QIC mode, i.e., the exact degrees of
freedom carrying information, is a delocalized mode. We propose a new communication
protocol in which pre-existing spatial entanglement of a quantum field can be used to
enhance the efficiency of transmission of information. In Chap. 6, we will address the
conclusion and outlook.




In this chapter, we will review several notions and tools in quantum mechanics. In par-
ticular, we will focus on how a subsystem in a larger quantum system is introduced and
the properties of correlations among subsystems. In addition, the properties of Gaussian
states in continuous-variable systems, such as harmonic oscillator chains and quantum
fields, are explained.
2.1 Quantum state and its purity
When a quantum system has no correlation with other degrees of freedom, its quantum
state is described by a unit vector |Ψ〉 in a Hilbert space H. A Hermitian operator Ô on





Imagine that the system is prepared to be in a state |Ψi〉 according to a probability
distribution {qi}i, i.e., a set of non-negative numbers satisfying
∑
i qi = 1. Then, the





∣∣∣ Ô ∣∣∣Ψi〉 = Tr(Ôρ̂) , (2.1.1)




qi |Ψi〉 〈Ψi| . (2.1.2)
It is not assumed that the states |Ψi〉 are orthonormal to each other. The operator ρ̂
in Eq. (2.1.2) is (i) Hermitian: ρ̂† = ρ̂, (ii) positive-semidefinite: ρ̂ ≥ 0 and (iii) unit
trace: Tr (ρ̂) = 1. Here, a Hermitian operator Ô is called positive-semidefinite if and
only if its eigenvalues are non-negative, or equivalently, it satisfies
〈
Ψ
∣∣∣ Ô ∣∣∣Ψ〉 ≥ 0 for all
|Ψ〉 ∈ H. A linear operator satisfying (i), (ii) and (iii) is called a density operator. A
density operator gives a general description of a quantum state.
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2.2 Subsystem and reduced density operator





pi |i〉 〈i| , (2.1.3)
where {pi}i is a probability distribution and {|i〉i}i is a set of orthonormal vectors. There-
fore, in principle, any quantum state can be experimentally realized by a probability
mixture of states described by orthonormal vectors.
A class of states represented by unit vectors has a special importance and called pure
states. For example, as we will explicitly see later, a quantum system in a pure state
shares no correlation with any other degrees of freedom. A state which is not pure is
called a mixed state. A density operator in the form of Eq. (2.1.3) is pure if and only if
pi = 1 for some i.
For a given density operator ρ̂, its purity Tr (ρ̂2) is a common and useful measure to
check whether the state is pure or mixed. Since a density operator has an eigenvalue












Since 0 ≤ pi ≤ 1, the quantum state is pure if and only if Tr (ρ̂2) = 1.
2.2 Subsystem and reduced density operator
Suppose that a quantum system is composed of smaller subsystems, such as particles or
qubits. Then its Hilbert space has a tensor product structure. As a simplest example, let
us consider a system with two subsystems A and B. The Hilbert space for the composite
system AB is given by a tensor product of smaller Hilbert spaces H = HA ⊗ HB. A
Hermitian operator on the Hilbert space HA (resp. HB) corresponds to an observable of
the subsystem A (resp. B).
When the quantum state for the composite system is described by a density operator
ρ̂, the quantum state for the subsystem A is described by the reduced state ρ̂A defined by
ρ̂A := TrB (ρ̂) , (2.2.1)












∣∣∣ Ô ∣∣∣ψj ⊗ ϕk〉 |ψi〉 〈ψj| , (2.2.2)
where {|ψ〉}i and {|ϕ〉}k are orthonormal bases of the Hilbert space HA and HB, re-
spectively. The definition of the partial trace does not depend on the choice of bases
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|ψj〉 〈ψi| ⊗ ÎBÔ
)






|χj′〉 〈χi′| ⊗ ÎBÔ
)
|χi′〉 〈χj′ | (2.2.3)
holds for an arbitrary orthonormal basis {|χi〉}i of the Hilbert space HA, where ÎB denotes
the identity operator on the Hilbert space HB. The operator ρ̂A has all information for










holds. It can be confirmed that the operator ρ̂A is Hermitian, positive-semidefinite and
unit trace, implying that ρ̂A is a density operator.
By using operators on the subsystem, the reduced density operator can be expressed
in another way. Let d(<∞) be the dimension of the Hilbert space HA of a subsystem A.
There always exists a basis of the traceless Hermitian operators {t̂i}d
2−1









cµt̂µ, t̂0 := ÎA. (2.2.5)


































In this thesis, we will mainly use the expression in Eq. (2.2.6). One of the advantages
of the expression in Eq. (2.2.6) is the fact that the reduced state is calculated through
the expectation values of Hermitian operators on the subsystem, which can be measured
in experiment. In general, a process to determine a quantum state of a system through
measurements is called a quantum state tomography (see e.g. [13]).
Another advantageous point particularly important in this thesis is that Eq. (2.2.6)
can be used to introduce a subsystem. As an example, let us consider a system composed
of two physical qubits A and B. Its Hilbert space has a natural tensor product structure
HA ⊗HB, where dimHA = dimHB = 2. The qubit A can be algebraically characterized
10
2.3 Correlations in Quantum Systems
by a basis of traceless Hermitian operators Σ̂
(A)
i := σ̂i ⊗ ÎB on the qubit A, where σ̂i are
the Pauli matrices. Similarly, the qubit B is characterized by Σ̂
(B)
i := ÎA ⊗ σ̂i
(B). The







































with a unitary operator Û defines a qubit, i.e., a subsystem associated with a two-















Such a qubit defined in an algebraic way is called a virtual qubit especially when it is useful
to discriminate it with the physical qubits [38, 39]. A virtual qubit is said to be defined in





. An operation on the system affects the reduced state ρ̂qubit through the change
in the correlation functions. In particular, operations on this qubit are generated by the
su(2) algebra {Σ̂i}3i=1.
In general, we can define a virtual qudit, a subsystem associated with a d-dimensional





Û , i = 1, · · · d2 − 1, (2.2.10)
where Û is a unitary operator of the total system, and t̂i is a basis of traceless Hermitian
operators on a d-dimensional Hilbert space satisfying Tr(t̂it̂j) = dδij. The reduced state















where ρ̂ is a quantum state of the total system.
Throughout this thesis, both physical qudits and virtual qudits are referred to as
qudits since there is no need to discriminate them.
2.3 Correlations in Quantum Systems
Consider a quantum system and its subsystems A and B. When the total system is in a
state ρ̂, the subsystems AB are correlated if and only if
∃ÔA, Ô′B s.t. Tr
(












2.3 Correlations in Quantum Systems
holds, where ÎAB denotes the identity operator for the subsystem complement to the
subsystem AB.
When a subsystem A is in a pure state, it does not share any correlation with other
degrees of freedom. In order to show it, let us consider a composite system of the subsys-
tem A and its complement system Ā in a quantum state ρ̂AĀ. If ρ̂AĀ is a mixed state, it
is possible to find a pure state |Ψ〉AĀB of a composite system of the system AĀ and an
ancillary system B such that
TrB (|Ψ〉AĀB 〈Ψ|AĀB) = ρ̂AĀ. (2.3.2)
The state |Ψ〉AĀB is called a purification of ρ̂AĀ. A purification |Ψ〉AĀB can be constructed




pi |χi〉AĀ 〈χi|AĀ , (2.3.3)
where pi is a probability distribution and {|χi〉AĀ}i is an orthonormal basis. Introduc-






pi |χi〉AĀ |χi〉B , (2.3.4)
which is a unit vector.
From the Schmidt decomposition theorem, proven in Appendix A, the pure state





λi |ψi〉A ⊗ |ϕi〉ĀB , (2.3.5)
where {|ψi〉A}i and {|ϕi〉ĀB}i are sets of orthonormal vectors inHA andHĀB, respectively,





λi |ψi〉 〈ψi| (2.3.6)




i . As we have shown in Sec. 2.1, a quantum
state is pure if and only if its purity is unity, or equivalently, λi = 1 for some i. If the
subsystem A is in a pure state, the purification |Ψ〉AĀB is recast into
|Ψ〉AĀB = |ψi〉A |ϕi〉ĀB . (2.3.7)
















2.3 Correlations in Quantum Systems
holds for any observables ÔA and ÔĀB. On the other hand, if the subsystem A is not
in a pure state, there exists an eigenvalue of ρ̂A which is non-vanishing and less than
1. Without loss of generality, we can assume 0 < λ1 < 1. In this case, for observables
ÔA := |ψ1〉A 〈ψ1|A and ÔĀB := |ϕ1〉ĀB 〈ϕ1|ĀB we get
Tr
(










ÎA ⊗ ÔĀB |Ψ〉AĀB 〈Ψ|AĀB
)
= λ21. (2.3.10)
Since 0 < λ1 < 1,
Tr
(








ÎA ⊗ ÔĀB |Ψ〉AĀB 〈Ψ|AĀB
)
(2.3.11)
holds, implying that the subsystem A is correlated with other degrees of freedom in the
subsystem ĀB.
As an example, let us consider a two-qubit system AB in a Bell state |Bell〉 =
1√
2
(|0〉 |0〉+ |1〉 |1〉). Consider two observables
ÔA ⊗ ÎB := |0〉 〈0| ⊗ ÎB, ÎA ⊗ Ô′B := ÎA ⊗ |0〉 〈0| . (2.3.12)






















implying that the qubits AB are correlated. Now, let us consider two qubits A′ and B′

















Û := |0〉 〈0| ⊗ ÎB + |1〉 〈1| ⊗ σ̂x. (2.3.16)
From Eq. (2.2.6), the reduced state for each qubit is given by ρ̂A′ = |+〉 〈+| and ρ̂B′ =
|0〉 〈0|, where |+〉 := (|0〉+ |1〉)/
√
2. Since these qubits A′B′ are in pure states, they share
no correlation with each other.
As the above example shows, different subsystems of course correlated with each other
in a different way. When information is encoded in a quantum system, it is stored in
correlations among subsystems unless the partition into the subsystems is carefully chosen.
In the study to investigate the structure of information storage with the method of QIC,
a system is divided into subsystems in such a way that one of the subsystems stores
information without sharing any correlation with other degrees of freedom.
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2.4 Gaussian state and its properties
In this section, we will review the properties of Gaussian states in continuous-variable sys-
tems, i.e., systems composed of harmonic oscillators and bosonic fields. This set includes
physically important states such as the vacuum state for a free field theory, coherent states
and squeezed states. For more detailed review, see e.g., [40].
2.4.1 Single harmonic oscillator system









where ω > 0 and the operators satisfy the canonical commutation relation (CCR): [q̂, p̂] =
i1̂, where 1̂ denotes the identity operator for the harmonic oscillator system. Hereafter,
when there is no risk of confusion, the identity operator will be omitted in continuous-
variable systems. For example, CCR is expressed as [q̂, p̂] = i. Introducing an operator
â := 1√
2












The lowest energy state, i.e., the vacuum state |0〉 for the Hamiltonian satisfies â |0〉 = 0.






)n |0〉 . (2.4.4)















) = (1− e−βω) ∞∑
n=0
e−βωn |n〉 〈n| , (2.4.6)
where the parameter β ≥ 0 denotes the inverse temperature.
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Figure 2.1: The purity of thermal states of a free harmonic oscillator.
The purity is plotted against βω in Fig. 2.1. The purity is unity if and only if βω = ∞,
where the state is given by its vacuum state: limβ→∞ ρ̂thermal(β) = |0〉 〈0|.
For thermal states defined in Eq. (2.4.6), the first moments vanish:
Tr (q̂ρ̂thermal(β)) = Tr (p̂ρ̂thermal(β)) = 0. (2.4.8)
The second moments are summarized in a covariance matrix defined by
M :=
(
Re (Tr (q̂2ρ̂thermal(β))) Re (Tr (q̂p̂ρ̂thermal(β)))









where Ik denotes the k × k identity matrix.
2.4.2 Multiple harmonic oscillator system
Let us now consider an N -harmonic-oscillator system. A set of canonical variables is
written as
r̂ = (q̂1, p̂1, q̂2, p̂2, · · · , q̂N , p̂N)⊤ , (2.4.10)







[q̂1, q̂1] [q̂1, p̂1] [q̂1, q̂2] [q̂1, p̂2] · · · [q̂1, p̂N ]
[p̂1, q̂1] [p̂1, p̂1] [p̂1, q̂2] [p̂1, p̂2] · · · [p̂1, p̂N ]
[q̂2, q̂1] [q̂2, p̂1] [q̂2, q̂2] [q̂2, p̂2] · · · [q̂2, p̂N ]







[p̂N , q̂1] [p̂N , p̂1] [p̂N , q̂2] [p̂N , p̂2] · · · [p̂N , p̂N ]

= iΩ, (2.4.11)
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r̂⊤Hr̂ + r⊤r̂, (2.4.13)
where H is a 2N × 2N real matrix and r ∈ R2N . This class of Hamiltonian includes, for
example, free harmonic oscillators and coupled harmonic oscillators. We assume that H
is positive definite, which corresponds to the assumption that the Hamiltonian is bounded
below.
We will now transform this general second-order Hamiltonian into a standard form.





The transformation r̂ 7→ R̂ is a unitary transformation
R̂ = D̂−r̄r̂D̂
†
−r̄, D̂−r̄ := e
−ir̄⊤Ωr̂, r̄ := H−1r, (2.4.15)











ir̄jΩjkiΩki = r̂i − r̄i. (2.4.16)








Now, consider a linear transformation
r̂′ := Sr̂, (2.4.18)






SΩS⊤ = Ω. (2.4.19)
A matrix satisfying Eq. (2.4.19) is called a symplectic matrix. A group of symplectic
matrices is called the symplectic group and denoted by Sp2N,R. Note that when S ∈
Sp2N,R, then S









ΩS = Ω (2.4.20)
holds, where we have used Ω2 = −I2N and S⊤ = −ΩS−1Ω.
A positive definite real 2n× 2n matrix H can be diagonalized by a symplectic matrix
S ∈ Sp2N,R in the following form:
SHS⊤ = diag (ω1, ω1, ω2, ω2, · · · , ωN , ωN) , (2.4.21)
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which is called a normal mode decomposition. For proof, see e.g., [40]. For any symplectic
matrix S ∈ Sp2N,R, there exists a unitary operator Ŝ such that







where A and B are some 2N × 2N symmetric matrices. For proof, see Appendix B. It
implies that any linear transformation that maps a set of canonical variables into another


























Introducing an annihilation operator âj :=
1√
2









The set of Gaussian states is defined as the thermal states and the vacuum state of








where β is a non-negative parameter. By using Eq. (2.4.23), any Gaussian state is recast










Since the purity is invariant under unitary transformations, the purity for the Gaussian











Thus, the Gaussian state is pure if and only if βωj → ∞ for all j. In this case, Eq. (2.4.27)
implies
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where |0〉j denotes the vacuum state of the free Hamiltonian Ĥωj .
Now, let us derive a more useful formula to calculate the purity of a given Gaussian
state ρ̂G without directly calculating the normal mode decomposition. The first moments
of the state are calculated as























where we have used the fact that the trace of odd degree polynomials of the creation and
annihilation operators vanishes. Therefore, the set of operators R̂ is obtained as
R̂ = r̂ − Tr (r̂ρ̂G) . (2.4.31)








By using a symplectic matrix satisfying
Ŝ†r̂Ŝ = S ′r̂, (2.4.33)
























Now, again, by using the fact that the trace of odd degree polynomials of the creation
























Since detS ′ = ±1 holds for any symplectic matrix S ′, we get
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Eq. (2.4.39) will be used to derive the QIC formula.
A fundamental subsystem of an N -harmonic-oscillator system is a mode characterized
by a set of operators (q̂, p̂) which are given by linear combinations of canonical variables





be a set of k(≤ N) independent modes.
When the N–harmonic-oscillator system is in a Gaussian state ρ̂G, the composite system
of the modes is also in a Gaussian state. Defining
ˆ̃r :=
(
ˆ̃q1 ˆ̃p1 ˆ̃q2 ˆ̃p2 · · · ˆ̃qk ˆ̃pk
)⊤
, (2.4.40)













where we have defined





The composite system of k modes is in a pure state if and only if its purity is unity, or
equivalently, det (2m) = 1.
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Chapter 3
Quantum information capsule in
finite-dimensional system
3.1 Fundamentals of QIC
Consider an N -qudit system which is initially in a pure state |Ψ〉 ∈ H⊗Nd . As a simple
encoding operation, let us consider a unitary operation Ŵ (θ) := e−iθĥ ⊗ Î⊗(N−1)d which
is generated by a Hermitian operator ĥ on the first qudit, where θ is a real unknown
parameter. The encoded information, i.e., the value of unknown parameter θ can be
estimated from the system unless |Ψ(θ)〉 := Ŵ (θ) |Ψ〉 is independent of θ. The precision
of estimation of θ can be quantified by the quantum Fisher information [41]
F := 4
(





∣∣∣∣ (∆Ψ (ĥ⊗ Î⊗(N−1)d ))2 ∣∣∣∣Ψ〉 ,
(3.1.1)
where we have defined ∆ΨÔ := Ô −
〈
Ψ
∣∣∣ Ô ∣∣∣Ψ〉 for a Hermitian operator Ô. The state
|Ψ(θ)〉 is independent of θ if and only if F = 0. Hereafter, we assume that the information
of parameter θ is encoded on |Ψ(θ)〉, i.e., F 6= 0.
As a special example, let us investigate the case where the initial state is a product
state |Ψ〉 = |0⊗N〉 := |0〉1 |0〉2 · · · |0〉N . After the encoding operation, it evolves into
|Ψ(θ)〉 = |ϕ(θ)〉1 ⊗ |0⊗N−1〉2···N , where |ϕ(θ)〉 := e−iθĥ |0〉. Therefore, all information is
stored in the first qudit. One way to retrieve the information is to swap the state of the
























= dδµν and H(ext.)d denotes the d-dimensional Hilbert space of
an external qudit. Since the information of θ is stored in the first qudit in the pure state
|ϕ(θ)〉, no information is shared with other degrees of freedom.
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When the system evolves after the encoding operation, the information will spread
over the system. If the time evolution of the system is described by a unitary operator,
the encoded information can be tracked in an easy way. By using the time-evolution



















Now, let us go back to the original problem of an arbitrary initial state |Ψ〉. The first
qudit, which we call qudit A here, is characterized by
T̂ (A)µ := t̂µ ⊗ Î
⊗(N−1)
d , (µ = 0, 1, · · · , d
2 − 1). (3.1.5)
When the qudit A is initially in a pure state, the encoded information is stored in the
first qudit as we have confirmed above. In general, the qudit A is in a mixed state and
correlated with other qudits. Thus, the information is partially stored in correlations. By
using a unitary operator Û which maps |Ψ〉1···N into a reference state |0⊗N〉, this general
setup is depicted in a quantum circuit in Fig. 3.1. Unlike the propagation of information
due to the unitary evolution after the encoding operation, the unitary operator Û before
the encoding operation produces initial non-local correlations, implying that information







Figure 3.1: A quantum circuit for an encoding operation e−iθĥ⊗ Î⊗N−1d for an initial state
|Ψ〉 = Û |0⊗N〉.
Let us first investigate a picture of a pair of partners storing information in their
correlations. In order to identify the exact degrees of freedom that is correlated with the










is a set of orthonormal vectors, there exists a unitary operator Ûpartner
on the subsystem satisfying
|ψi〉 = Ûpartner |ψ′i〉2 ⊗ |0
⊗N−2〉3···N , (3.1.7)
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where {|ψ′i〉2}
d
i=1 is an orthonormal basis of the Hilbert space of the second qudit. By
using this operator, let us define a qubit B by

































t̂µ ⊗ t̂ν ⊗ Î⊗N−2d
)
Îd ⊗ Û †partner |Ψ〉 〈Ψ|
))
t̂µ ⊗ t̂ν
= |Ψ′〉 〈Ψ′| , (3.1.9)




λi |ϕi〉 |ψ′i〉. Therefore, the composite system of two
qudits A and B is in a pure state, meaning that the qudit B is the partner of the qudit
A. Since the pair of partner qubits is initially in a pure state and the encoding operation
acts on it, no information is stored in other degrees of freedom.
A key observation here is that a unitary operator Îd ⊗ Ûpartner commutes with the
encoding operation Ŵ (θ), implying that







holds. A quantum circuit of this equation is shown in Fig. 3.2. In this form, it is possible
to regard Eq. (3.1.10) as the state which is evolved by a unitary operator Îd ⊗ Ûpartner
acting after the encoding operation on the pair of partners. Therefore, in this picture the































Figure 3.2: A quantum circuit of the partner picture. In this picture, information is
encoded on a two-qudit system in a pure state V̂ |0⊗2〉 = |Ψ′〉 and then propagates through
the N -qudit system by Ûpartner(Ψ), which depends on the initial state |Ψ〉.
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This observation enables us to investigate the exact carrier of information in more
detail. Let us first consider an eigenvalue decomposition of the generator of encoding
operation: ĥ =
∑
i hi |ϕi〉 〈ϕi|. Since {|ϕi〉}di=1 is an orthonormal basis of the first qudit,




ci |ϕi〉1 |ψi〉2···N . (3.1.12)
Here the vectors {|ψi〉}di=1 are not necessarily orthogonal to each other. Now, fix a pure
state |Φ〉2···N ∈ H
⊗N−1
d as a reference. This state can be an arbitrary state, but here we
fix it as |Φ〉 = |0⊗N−1〉. There always exist unitary operators ûi such that
|ψi〉2···N = ûi |Φ〉2···N = ûi |0
⊗N−1〉2···N (3.1.13)
















⊗ |0〉2 |0〉3 · · · |0〉N . (3.1.16)
Therefore, we get






⊗ |0〉2 |0〉3 · · · |0〉N = ÛQIC |ϕ(θ)〉1 |0〉2 |0〉3 · · · |0〉N ,
(3.1.17)
where we have defined |ϕ(θ)〉 :=
∑d
i=1 cie
−iθhi |ϕi〉. The quantum circuit of this equation
is depicted in Fig. 3.3. Similar to the previous case, this equation enables us to consider
the system evolves according to a unitary operator ÛQIC after information is encoded in
the first qudit initially in a pure state
∑d
i=1 ci |ϕi〉. Again, it is relatively easy to track
the propagation of information through the system due to a unitary evolution. Therefore,
the exact carrier of information is a qudit characterized by





This picture of a single qudit storing information is the QIC picture [18, 19]. It should be
noted that ÛQIC depends on the initial state |Ψ〉 and the generator of encoding operation
ĥ.
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Figure 3.3: A quantum circuit of the picture of a single-qudit QIC. In this picture, infor-
mation is encoded on a single-qudit system, a QIC, in a pure state V̂ ′ |0〉 =
∑
i ci |ϕi〉 and
then propagates over the N -qudit system by ÛQIC(Ψ), which depends on the initial state
|Ψ〉.
As a simple nontrivial example, let us analyze the Greenberger-Horne-Zeilinger (GHZ)
state [42] for a three-qubit system defined by
|GHZ〉 := 1√
2
(|+++〉+ |− − −〉) . (3.1.19)
The vectors |±〉 are eigenvectors of σ̂x and related with the eigenvectors {|i〉}1i=0 of σ̂z
as |±〉 = 1√
2
(|0〉 ± |1〉). Let us encode information of an unknown parameter θ by an
encoding operation Ŵ (θ) = e−iθσ̂z ⊗ Î⊗22 . The state |GHZ(θ)〉 := Ŵ (θ) |GHZ〉 stores
information since the Fisher information does not vanish and is given by F = 4. No
information is stored locally in the first qubit since its reduced state is proportional to the
identity operator, which is invariant under local encoding unitary operations. The initial

















(|++〉+ |−−〉) = û†1
1√
2
(|++〉 − |−−〉) . (3.1.22)
A unitary operator
ÛQIC := |0〉 〈0| ⊗ û0 + |1〉 〈1| ⊗ û1 = |0〉 〈0| ⊗ Î2 ⊗ Î2 + |1〉 〈1| ⊗ σ̂x ⊗ Î2 (3.1.23)
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Û ′QIC := |0〉 〈0| ⊗ Î2 ⊗ Î2 + |1〉 〈1| ⊗ Î2 ⊗ σ̂x (3.1.27)
also plays a role of a QIC because of the symmetry under the interchange of the second and
third qubits. In fact, it is shown that for any initial state and encoding operation, there
are different single-qudit systems playing a role of a QIC [18, 19]. The non-uniqueness of a
QIC implies that there are various ways to extract encoded information from the system.
However, as we will see in the next chapter, a QIC is uniquely identified in the continuous-
variable systems in pure Gaussian states under the assumption that a subsystem, a mode
in quantum fields, is characterized by a set of operators given by linear combinations of
canonical variables.
So far, we have identified a QIC at the time when information is encoded. When
the system is closed, i.e., its time evolution is described by a unitary operator, the time
evolution is easily tracked by using Eq. (3.1.3). By using this fact, we can investigate how
a structure of information storage become complicated if we encode multiple parameters.
Suppose that we first encode information of a real parameter θ1 by an encoding operation
on the first qudit Ŵ1(θ1) := e
−iθ1(ĥ⊗Î⊗N−1d ). For an arbitrary initial state of an N -qudit sys-







which play a role of a QIC for the parameter θ1. Now, let us encode another parameter
θ2 by an encoding operation on the second qudit Ŵ2(θ2) := e
−iθ2(Îd⊗ĥ′⊗I⊗N−2d ). From the
time-evolution formula in Eq (3.1.3), the QIC operators for the first qudit evolve into
T̂ (1)µ → Ŵ2(θ2)T̂ (1)µ Ŵ2(θ2)† (3.1.28)
which depend on the parameter θ2 in general even when the encoding operations Ŵ1(θ1)
and Ŵ2(θ2) commute with each other. Equation (3.1.28) implies that operations to re-
trieve the information of θ1 cannot be performed without knowing the value of θ2. This is
because information is partially encoded in non-local correlations due to the entanglement
of the system.
3.2 Emergence of decoupled single-qubit QICs in Haar-
random systems
In this section, we will analyze the structure of information storage in a highly entan-
gled macroscopic system with a dynamics modeled by Haar-random unitary operators.
Although information is stored in non-local correlations due to the entanglement, it is
shown that multiple parameters encoded by sequential encoding operations are stored
independently. As a consequence, the structure of information storage is quite simplified
and decoupled single-qudit QICs emerge [20]. A macroscopic system with a Haar-random
25
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unitiary dynamics is often adopted in studies of black hole evaporation process (among
others, see e.g., [10, 28, 30]), where it is proposed that the fast scrambling effect [29] plays
an important role to resolve the black hole information loss problem [1].
The main setup of this section is the following: Assume that an N -qudit system is
initially in a pure state, e.g., |0〉⊗N . After the system is scrambled by a unitary operation
V̂0, we encode information of unknown parameter θ1 by a unitary operation Ŵ (θ1) :=
e−iθ1ĥ
(1)⊗Î⊗N−1d on the first qudit, where ĥ(1) is a Hermitian operator on a single-qudit
system. After the encoding process, the system is again scrambled by a unitary operation
V̂1. Repeating these processes k times, we get
|Ψ(θ1, · · · θk)〉 = V̂ke−iθkĥ
(k)⊗I⊗N−1V̂k−1e
−iθk−1ĥ(k−1)⊗I⊗N−1V̂k−2 · · · e−iθ1ĥ
(1)⊗I⊗N−1V̂0 |0〉⊗N .
(3.2.1)
As is explained in the previous section, in general, the QICs of the different parameters are
tangled with each other and it is impossible to retrieve them independently from the sys-
tem. However, for a fast scrambling dynamics modeled by an independent Haar-random
unitary V̂j, there exists a unitary operator V̂decode independent of unknown parameters
θ1, · · · , θk satisfying





in the limit of large N . Here, we have defined










where {|s(j)i 〉}di=1 is a set of orthonormal eigenvectors of the Hermitian operator ĥ(j). The
pure state |Ψ′〉 for N − k qubits is independent of θ1, · · · , θk. Therefore, a single-qudit
QIC corresponding to each parameter θj emerges, which is characterized by
T̂ (j)µ := V̂decode
(







µ=0 is a basis for Hermitian operators on the d-dimensional Hilbert space.
In order to show the main result in Eq. (3.2.2), let us derive several formulas related to
the ensemble average over the Haar measure of the unitary group. Fix a set of orthonormal
vectors {|λ〉}mλ=1 of the Hilbert space H⊗Nd . Dividing the N -qudit system into the first
qudit and other (N −1) qudits, let us introduce a basis of H⊗Nd by using a tensor product
of orthonormal vectors as {|a〉 |b〉 | a = 1, · · · , d; b = 1, · · · , dN−1}. The elements of a
unitary operator Û are given by Uab,λ =
〈
a⊗ b
∣∣∣ Û ∣∣∣λ〉. The ensemble averages over the























dN (d2N − 1)
(δa1a4δa3a2δb1b4δb3b2δλ1λ2δλ3λ4 + δa1a2δa3a4δb1b2δb3b4δλ1λ4δλ3λ2) , (3.2.6)
where the overline denotes the ensemble average. See Appendix C for the derivation of




































∣∣∣〈ψ(λ)a ∣∣∣ψ(λ′)a′ 〉∣∣∣2 . (3.2.8)

































typically holds, which is consistent with the result of the Lubkin-Lloyd-Pagels-Page (LLPP)
theorem [44–46] stating that a small subsystem is typically maximally entangled with its
complement system for macroscopic systems in pure states. Assuming that the LLPP
theorem is applicable to the dynamics of black hole evaporation process, a time-evolution
curve of entanglement entropy between the black hole and the Hawking radiation is pro-
posed, which is called the Page curve [4].






∣∣∣〈ψ(λ)a ∣∣∣ψ(λ′)a′ 〉∣∣∣2 = O(d−N) (3.2.11)
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and thus ∣∣∣〈ψ(λ)a ∣∣∣ψ(λ′)a′ 〉∣∣∣2 = O(d−N/2) (3.2.12)
as N → ∞. Therefore,
∣∣∣〈ψ(λ)a ∣∣∣ψ(λ′)a′ 〉∣∣∣2 ≈ δλ,λ′ in the large N limit.









i | be the eigenvalue decomposition. Just before the first en-











where {|ψ(1)u1 〉}du1=1 are orthonormal vectors. By the encoding operation, it evolves into
e−iθĥ












Applying Eq. (3.2.12) to orthonormal vectors |s(1)1 〉 |ψ
(1)
s1 〉, we get







where {|s(2)2 〉}ds2=1 are eigenvectors of ĥ










Eq. (3.2.12), the vectors typically satisfy
∣∣∣〈ψ(2)s1s2 ∣∣∣ψ(2)s′1s′2〉∣∣∣ ≈ δs1s′1δs2s′2 . By the second




























By repeating this procedure k times we get
V̂ke

























where the vectors satisfy〈
ψ(k)sk···s2s1
∣∣∣ψ(k)s′k···s′2s′1〉 ≈ δs1s′1δs2s′2 · · · δsks′k . (3.2.18)
From Eq. (3.2.18), it follows that there always exists a unitary operator V̂decode satisfying
V̂k |u(k)sj 〉1 |ψ
(k)
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which concludes the proof of the main result of this section in Eq. (3.2.2).
Intuitively, this result can also be understood from the viewpoint of the so-called
canonical typicality in quantum thermodynamics. It is shown that an overwhelmingly
majority of pure states in an energy shell cannot be locally distinguished from an ensem-
ble average over the microcanonical ensemble [47–50]. For a thermodynamically normal
system, it implies that the reduced state for a small subsystem is typically approximately
given by the Gibbs state. This fact is called the canonical typicality. In this section,
we have performed a calculation under the assumption that the initial unitary evolution
V̂0 is randomly chosen according to the Haar measure on the whole Hilbert space, which
corresponds to the infinite temperature limit of the canonical typicality. Therefore, the re-
duced state for a small subsystem is approximately proportional to the identity operator,
which is consistent with the LLPP theorem. As a result, there is no correlation among
small subsystems. On the other hand, the sequential encoding operations and scrambling
unitary operations are re-written as
V̂ke
−iθkĥ(k)⊗I⊗N−1V̂k−1e
−iθk−1ĥ(k−1)⊗I⊗N−1V̂k−2 · · · e−iθ1ĥ
(1)⊗I⊗N−1








where we have defined
Ĥ(i) :=
(




V̂i−1V̂i−2 · · · V̂1
)
. (3.2.21)
The unitary evolution V̂kV̂k−1 · · · V̂2V̂1 in Eq. (3.2.20) is not crucial here since information
is preserved under any unitary evolution. If operators Ĥ(i) commute with each other,





≈ 0 typically holds in the limit of large N . Since there
is no correlation among the small subsystems from the canonical typicality, it implies




Quantum information capsule in
continuous-variable system
In this chapter, we develop the QIC technique in continuous-various systems in pure
Gaussian states. This set includes physically important states such as the vacuum of a
free field, squeezed states and coherent states. In particular, we will derive a formula to
identify modes playing the role of a QIC. We will also show that the partner formula in
Ref. [22] can be interpreted as a special case of the QIC formula.
4.1 QIC formula in harmonic oscillator chain
Let us first derive the QIC formula for an N -harmonic-oscillator system. Unlike QICs
in finite-dimensional systems, QIC modes are uniquely identified for a given encoding
operation and a given Gaussian pure state under the assumption that each mode is char-
acterized by a set of two operators given by linear combinations of canonical variables.
An N -harmonic-oscillator system is a discretized model of scalar fields. This formula is
directly extended to scalar fields as explained in the next section.
Let
r̂ := (q̂1, p̂1, q̂2, p̂2, · · · , q̂N , p̂N)⊤ (4.1.1)












We will investigate where information is stored when it is encoded by an operation gen-
erated by a Hermitian operator
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∈ R2N . (4.1.4)
The real vector V characterizes “spatial” profile for the encoding operation. An example
of this class of encoding operation is Ŵ (θ) = e−iθÔ, which is analogous to the one that
we have investigated in the finite-dimensional systems. Another important example is
an UDW-type interaction with instantaneous coupling, i.e., a unitary operation in the
form of e−iĥ⊗Ô, where ĥ is a Hermitian operator for an external detector system such as
a qubit. This point will be explained in more detail in the next chapter.
Hereafter, we assume that the initial state for the system is a pure Gaussian state |Ψ〉.
Let us introduce another set of canonical variables
R̂ := r̂ − r̄, r̄ := 〈Ψ | r̂ |Ψ〉 (4.1.5)




The generator of the encoding operation can be re-written as
Ô = ˆ̃O + V ⊤r, ˆ̃O := V ⊤R̂. (4.1.7)
Hereafter, we will investigate ˆ̃O instead of Ô. It does not affect the following argument
to identify the exact carrier of encoded information since the difference between Ô and ˆ̃O
is proportional to the identity operator. For notational simplicity, we will replace ˆ̃O into
Ô.





∣∣∣ R̂R̂⊤ ∣∣∣Ψ〉) . (4.1.8)
For the covariance matrix of an arbitrary Gaussian pure state |Ψ〉, Eq. (2.4.39) holds,
which plays a crucial role to derive the QIC formula.











4.1 QIC formula in harmonic oscillator chain
This map has the following properties [19, 21]:〈
Ψ


















∣∣∣ ÔfΨ (Ô′) ∣∣∣Ψ〉) = −2V ⊤Re(〈Ψ ∣∣∣ R̂R̂⊤ ∣∣∣Ψ〉)ΩMV ′



















































∣∣∣ ÔÔ′ ∣∣∣Ψ〉) . (4.1.14)
Thus, the map fΨ preserves the commutation relation and expectation values with respect
to the Gaussian pure state |Ψ〉.


















∣∣∣ Ô2 ∣∣∣Ψ〉. (4.1.16)











∣∣∣ Q̂P̂ ∣∣∣Ψ〉) = 0. (4.1.19)
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Since det 2m = 1 holds for the covariance matrix
m :=












is in a pure state. In particular, Eq. (4.1.20) is called




Q̂2 + P̂ 2
)
, its vacuum state has vanishing first moments and the covariance
matrix is in the standard form. Therefore, when the covariance matrix of a mode in a
pure state is in the standard form, the corresponding state will hereafter be called the
“vacuum” state and denoted by |0〉. Note that the terminology of “vacuum” is not related
to the vacuum state of a Hamiltonian of an N -harmonic-oscillator system in question. The
Gaussian state |Ψ〉 is then decomposed into
|Ψ〉 = |0〉 ⊗ |Ψ′〉 , (4.1.21)




and |Ψ′〉 is a Gaussian state for
modes orthogonal to it. By construction, the encoding operation generated by Ô is an




. Therefore, it is the exact carrier of
information, playing the role of a QIC. Hereafter, we call Eq. (4.1.15) the single-mode
QIC formula. In Appendix E, it is shown that the QIC mode is unique in the sense that
there is no other mode playing the role of a QIC under the assumption that the mode is
characterized by a set of operators given by linear combinations of R̂.
Now we will investigate the exact carrier corresponding to a generalized encoding
operation generated by a finite number of Hermitian operators. In the following argument,
the following property of the map fΨ is useful:
f 2Ψ(Ô) = −Ô. (4.1.22)




















= −R̂⊤V = −Ô. (4.1.23)












4.1 QIC formula in harmonic oscillator chain




= i holds. Since the map fΨ is




















When k = 1, the single-mode QIC formula uniquely identifies the information-carrying
mode. Equivalently, the initial state can be decomposed as
|Ψ〉 = |0〉1 ⊗ |Ψ
′〉1̄ , (4.1.27)





















∣∣∣ Ô21 ∣∣∣Ψ〉. (4.1.28)
The state |Ψ′〉1̄ represents the Gaussian state for the subsystem 1̄ which is complement





A key idea to extend the single-mode QIC formula to the case of k = 2 is to decompose
Ô2 into the operators on subsystems 1 and 1̄. Defining















∣∣∣ [Ô2, Q̂1] ∣∣∣Ψ〉 , (4.1.30)
the operator Ô′2 commutes with Q̂1 and P̂1. This means that Ô
′
2 is an operator on the






























where α2 is fixed so that 〈
Ψ
∣∣∣ Q̂22 ∣∣∣Ψ〉 = 1
2
(4.1.33)





implying that they characterize a mode. Calculating the covariance matrix m of two
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, we get m = 1
2
I4. Therefore, these modes
are initially in pure states sharing no correlations. The Gaussian state is decomposed into
|Ψ〉 = |0〉1 |0〉2 |Ψ
′′
12〉 , (4.1.34)
where |Ψ′′〉12 is a Gaussian state for modes orthogonal both to the modes 1 and 2. The






∣∣∣ Ô22 ∣∣∣Ψ〉− (β22,1 + γ22,1) (4.1.35)
since 〈
Ψ
∣∣∣ Ô22 ∣∣∣Ψ〉 = α22 〈Ψ ∣∣∣ Q̂22 ∣∣∣Ψ〉+ 12 (β22,1 + γ22,1) (4.1.36)
holds.



































































































4.2 QIC formula in quantum fields














∣∣∣ P̂iP̂j ∣∣∣Ψ〉) = 1
2
δij (4.1.45)







⊗ |Ψ̃〉1···k , (4.1.46)






. Technically speaking, we have assumed αi 6= 0 for all i.




. Therefore, we can simply skip recursion procedure for ith operation since
the (i− 1) modes play a role of QIC. For notational simplicity, we will hereafter assume
that αi 6= 0. We call Eqs. (4.1.37), (4.1.38), (4.1.39), (4.1.40) and (4.1.41) the k-mode
QIC formula.
So far, we have identified (at most) k modes playing a role of QIC for encoding
operation generated by k Hermitian operators Ôi. Although the subsystem composed of
k modes is unique, there are various ways to decompose it into independent modes. The
decomposition in the k-mode QIC formula is derived under the following assumptions:
(i) each mode is initially in the “vacuum” state |0〉, i.e., a pure state in the standard
form, (ii) the ith mode is independent of the jth encoding operation if i > j. Fixing
a decomposition, we can visualize the spatial distribution of a multiple-mode QIC by
plotting the coefficients for the operators of each mode.
It should be noted that from an algebraic point of view, we can interpret the QIC













. The commutation relations and the correlation
functions for this subsystem can be calculated by using Eqs. (4.1.10), (4.1.11) and (4.1.12).
4.2 QIC formula in quantum fields
In the previous section, we have derived the multiple-mode QIC formula for harmonic
oscillators. It can be directly extended to bosonic fields in (d+1)-dimensional Minkowski
spacetime by substituting a discrete index in vectors and matrices in the harmonic os-
cillator into a continuum variable in the space. In the followings, we will adopt the
interaction picture. For example, the generator of an encoding operation at t on the
harmonic-oscillator system









4.2 QIC formula in quantum fields
corresponds to an operator at t














can be understood as a “vector” with continuum index x ∈ Rd representing the position

















The function depends on two points of spacetime, such as Ω(x,y) is understood as a “ma-
trix” with continuum indices. A summation over a discrete index in harmonic-oscillator
systems is replaced by an integral over a continuum index x ∈ Rd.
Hereafter, for notational simplicity, we will consider pure Gaussian states |Ψ〉 with
vanishing first moments, i.e.,
〈
Ψ
∣∣∣ ϕ̂(t,x) ∣∣∣Ψ〉 = 0 and 〈Ψ ∣∣∣ Π̂(t,x) ∣∣∣Ψ〉 = 0. For Gaus-
sian states with non-trivial first moments, such as a coherent state, the QIC formula can















∣∣∣ Π̂(t,x)ϕ̂(t,y) ∣∣∣Ψ〉) 〈Ψ ∣∣∣ Π̂(t,x)Π̂(t,y) ∣∣∣Ψ〉
 . (4.2.6)









4.2 QIC formula in quantum fields





























∣∣∣ Π̂(t,x)Ô ∣∣∣Ψ〉) ϕ̂(t,x) + 2Re(〈Ψ ∣∣∣ ϕ̂(t,x)Ô ∣∣∣Ψ〉) Π̂(t,x)) .
(4.2.8)





which are given by linear com-




by Eqs. (4.1.37), (4.1.38), (4.1.39), (4.1.40) and (4.1.41). A straightfor-
































Eq. (4.2.15) corresponds to Eq. (2.4.39), i.e., the purity condition for a Gaussian state in
a harmonic oscillator.
As an example, let us explicitly confirm the purity condition for the vacuum state of
a massless scalar field in the (d+1)-dimensional Minkowski spacetime. In the Heisenberg
picture, the scalar field and the conjugate momentum are expanded by using the plane























4.3 Partners and 2-mode QIC
where the creation and annihilation operators satisfy












= iδd (k − k′) . (4.2.18)
For the vacuum state |0〉 annihilated by âk, the covariance matrix is diagonal. Its non-
vanishing elements are given by〈
0






















0 δd(y − z)

















Thus, the multiple-mode QIC formula in Eqs. (4.1.37), (4.1.38), (4.1.39), (4.1.40) and
(4.1.41) identifies the information carrier in quantum fields.
4.3 Partners and 2-mode QIC
A formula to identify the partner mode for a given mode with respect to the vacuum
state of a scalar field is proven in Ref. [12]. It is shown that in the moving mirror model
for a black hole evaporation process, the partner of a mode in the Hawking-like radiation
is a mode in the vacuum fluctuations. This result suggests that information may be
transmitted without any energy transport in the last stage of black hole evaporation. In
Ref. [22], the author, along with his collaborators, proved a general formula to identify
a partner mode for an arbitrary given mode with respect to an arbitrary pure Gaussian
state, which we call the partner formula. This is a large generalization since the set
of pure Gaussian states includes physically important states such as the vacuum state
of a free field theory, squeezed states and coherent states. Applying this result to a
scalar field in an expanding universe, a pair of partners is shown to be capable of storing
information of expansion rate [22]. In Ref. [24], a new protocol using the partner formula
to extract entanglement from a scalar field is proposed. In a typical set up of extraction
of entanglement, two detectors are coupled to the field. When a detector couples to a
particular mode of a field, the amount of extracted entanglement is maximized when the
other detector is coupled to its partner mode. In the protocol proposed in Ref. [24],
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4.3 Partners and 2-mode QIC
the state of a pair of partners is swapped for the state of external detectors. A trade-off
relation between the amount of extracted entanglement and the energy cost is numerically
found in Ref. [24] and analytically proven in Ref. [25]. In Ref. [23], the partner formula
is applied a moving mirror model, which mimics a black hole evaporation process. It is
shown that a pair of partners stores a part of the information of parameters characterizing
the evaporation.
In this section, we will show that the partner formula in Ref.[22] can be derived as
a special case of the two-mode QIC formula. This fact suggests that the multiple-mode
QIC is of fundamental importance and that it has various potential applications.
Let us first review the result in Ref. [22]. Consider a mode A which is in a mixed state
when the field is in a Gaussian pure state |Ψ〉. We can always find the canonical variable(
Q̂A, P̂A
)


















where g is a non-negative number. When g = 0, the mode A is in a pure state since
det 2mA = 1. When g 6= 0, the mode A is entangled with other degrees of freedom of the




A R̂, P̂A = U
⊤
A R̂, (4.3.3)






B R̂, P̂B = U
⊤
B R̂, (4.3.4)
















where M is the covariance matrix of the pure Gaussian state |Ψ〉. A straightforward




























4.3 Partners and 2-mode QIC
The determinant of the covariance matrix is unity, det (2mAB) = 1, meaning that the
composite system of modes AB is in a pure state, or equivalently, the mode B is the
partner of the mode A.
In the framework of QIC, this problem to identify the partner mode can is reinterpreted
as a problem to find a minimal subsystem in a pure state on which two operators Q̂A, P̂A

























From an algebraic point of view, the pair of partners is characterized by
(













. As explained in the last part of Sec. 4.1,
this is a general result of the two-mode QIC formula applied for two Hermitian operators
Ô1 := Q̂A and Ô2 := P̂A. The coefficients in Eqs. (4.3.7) and (4.3.8) can be derived
once the way to decompose the two-mode QIC into independent modes is specified. More
concretely, in Ref. [22], the following conditions are imposed:
1. Independence of two modes: [Q̂A, Q̂B] = [Q̂A, P̂B] = [P̂A, Q̂B] = [P̂A, P̂B] = 0.










∣∣∣ Q̂AP̂B ∣∣∣Ψ〉) = Re(〈Ψ ∣∣∣ P̂AQ̂B ∣∣∣Ψ〉) = 0.
By using the properties of fΨ, the coefficients are easily derived. Therefore, a pair of





So far, we have developed the method of QIC for scalar fields. As an application, we here
investigate communication through quantum fields where emitting and receiving devices
are modeled by UDW detectors. We will adopt a massless scalar field for simplicity,
though the techniques of QIC are applicable to any bosonic fields in pure Gaussian states.
5.1 Encoding process and time evolution of QIC
Let us consider a communication protocol through a scalar field by using UDW detectors.
Let ϕ̂(t,x) and Π̂(t,x) be a massless scalar field and its conjugate momentum in (d+1)-



































Suppose that a sender, Alice, wants to encode information of qubits in the scalar field
by using k UDW detectors. The interaction Hamiltonian for the ith UDW detector is
given by
Ĥi := λiχi(t)µ̂i(t)⊗ Ôi(t), (i = 1, · · · , k) (5.1.4)
in the interaction picture. Here, λi is the coupling constant, χi(t) is the switching function
which characterizes the time duration of the interaction, and µ̂i(t) and Ôi(t) are Hermitian
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5.1 Encoding process and time evolution of QIC
operators for the ith qubit and a scalar field, respectively. The operator Ô(t) is assumed














i (x) and v
(2)
i (x) are called the smearing functions, characterizing the spatial
extent of the ith detector.
We further assume that the switching function for the ith detector is given by the
delta function
χi(t) = δ(t− ti), (5.1.6)
implying that the detector is instantaneously coupled to the field at t = ti, which enables
a non-perturbative calculation [51–53]. The encoding operation for the ith detector is
then described by a unitary operator
Ûi = e
−iλiσ̂i(ti)⊗Ôi(ti). (5.1.7)
Without loss of generality, we can assume ti > tj for i > j. The whole encoding operation
is then given by ÛkÛk−1 · · · Û1, which is generated by k Hermitian operators {Ôi(ti)}ki=1
of the field. Therefore, the method of QIC can be used to identify the carrier of informa-
tion. Calculating the time evolution of QIC, it is possible to visualize the propagation of
information through spacetime.
5.1.1 Time evolution of single-mode QIC mode
Let us first analyze the time evolution of the QIC mode for k = 1, i.e., the case where an
encoding operation is generated by a single Hermitian operator. Consider an operator Ô









































∣∣∣ Ôϕ̂(t0,x) ∣∣∣Ψ〉) . (5.1.11)
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where W (t,x, t′,x′) denotes the Wightman function of the Gaussian state |Ψ〉, i.e.,
W (t,x, t′,x′) :=
〈
Ψ
∣∣∣ ϕ̂(t,x)ϕ̂(t′,x′) ∣∣∣Ψ〉 . (5.1.15)



















∣∣∣ Ô2 ∣∣∣Ψ〉. (5.1.16)
The spatial profiles of these operators are characterized by four functions, referred to























for l = 1, 2. It should be noted that the mass dimension of these functions (F (1), G(1))




respectively, since the operators Q̂ and P̂ are defined to
be dimensionless.
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A common and important example of the Gaussian state is the vacuum state of the
free massless field |0〉. Its Wightman function is given by






Let us further assume that the detector only couples to the field ϕ̂ and not to the conjugate
momentum, i.e., v(2)(x) = 0.









is simplified and given by









































By using these results, let us visualize the way how information propagates through the
spacetime. In particular, we will confirm the violation of the strong Huygens principle in
(2 + 1)-dimensional Minkowski spacetime.
5.1.1.1 (3 + 1)-dimensional Minkowski spacetime
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On the other hand, since the expectation value of the square of the Hermitian operator
Ô is calculated as 〈
0
∣∣∣ Ô2 ∣∣∣ 0〉 = πσ4, (5.1.32)
the normalization factor is given by α =
√
2πσ2.
Figures 5.1-5.10 show the time evolution of the weighting functions of the QIC mode.
They are made to be dimensionless by using a length scale σ. In these plots, the param-
eters are fixed to be σ = 0.2 and (t0,x0) = (0, 0, 0, 0). Comparing Figs. 5.1 and 5.2, it is
seen that the tail of G(2)(0,x) is broader than that of F (1)(0,x). Since the QIC mode is
the exact carrier of information encoded by an operation generated by Ô, it demonstrates
the fact that the vacuum state |0〉 of the field has spatial correlations. At the initial time
t = 0, F (2)(0,x) and G(1)(0,x) vanish. As the mode propagates through the spacetime,
they also become non-vanishing. At t = 2, four weighting functions are localized around
the circle with radius 2, reflecting the fact that the massless scalar field propagates at the
speed of light c = 1. Similarly, at t = 4, they are localized around the circle with radius
4.
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Figure 5.1: σ2F (1)(t, x, y, 0) at t = 0.
Figure 5.2: σG(2)(t, x, y, 0) at t = 0.
Figure 5.3: σ2F (1)(t, x, y, 0) at t = 2.
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Figure 5.4: σF (2)(t, x, y, 0) at t = 2.
Figure 5.5: σ2G(1)(t, x, y, 0) at t = 2.
Figure 5.6: σG(2)(t, x, y, 0) at t = 2.
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Figure 5.7: σ2F (1)(t, x, y, 0) at t = 4.
Figure 5.8: σF (2)(t, x, y, 0) at t = 4.
Figure 5.9: σ2G(1)(t, x, y, 0) at t = 4.
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Figure 5.10: σG(2)(t, x, y, 0) at t = 4.
5.1.1.2 (2 + 1)-dimensional Minkowski spacetime
Let us now investigate the time evolution of QIC in (2+1)-dimensional Minkowski space-
time, where the strong Huygens principle is violated [34–36]. Therefore, it is expected
that the QIC mode also has tails not only on the light cone but also the region inside















































k2e−ik(t0−t)J0(k|x0 − x|), (5.1.35)






dθeiξ cos θ. (5.1.36)
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Equation (5.1.35) can be numerically evaluated when plotting the weighting functions.




2 since the expectation value of the
square of the operator Ô is given by〈
0
∣∣∣ Ô2 ∣∣∣ 0〉 = ∫ d2k
(2π)22|k|
∣∣ṽ(1)(k)∣∣2 = π 32σ3
2
. (5.1.37)
Figures 5.11-5.20 shows the time evolution of the weighting functions of the QIC mode.
In these plots, the parameters are fixed as σ = 0.2 and (t0,x0) = (0, 0, 0, 0). The behaviors
of the weighting functions seem qualitatively the same as those in (3+1)-dimensional case.
The weighting functions at t are peaked around the circle with radios t, reflecting the fact
that disturbance propagates at the speed of light. However, since the strong Huygens
principle is violated in this spacetime, it is expected that there are tails inside the light
cone.
In Fig. 5.21, we compare Figs. 5.8 and 5.18 at y = 0. Since we have adopted Gaussian
smearing functions which have a tail throughout the space, the weighting functions are
non-vanishing even for |x−x0| < t. However, the weighting function is strongly localized
around |x − x0| = t for d = 3, while it has a broader tail in the region |x − x0| < t
for d = 2. It demonstrates the fact that information can be transmitted slower than the
speed of light in massless fields [36] in (2 + 1)-dimensional Minkowski spacetime.
Figure 5.11: σ3/2F (1)(t, x, y) at t = 0.
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Figure 5.12: σ1/2G(2)(t, x, y) at t = 0.
Figure 5.13: σ3/2F (1)(t, x, y) at t = 2.
Figure 5.14: σ1/2F (2)(t, x, y) at t = 2.
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Figure 5.15: σ3/2G(1)(t, x, y) at t = 2.
Figure 5.16: σ1/2G(2)(t, x, y) at t = 2.
Figure 5.17: σ3/2F (1)(t, x, y) at t = 4.
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Figure 5.18: σ1/2F (2)(t, x, y) at t = 4.
Figure 5.19: σ3/2G(1)(t, x, y) at t = 4.
Figure 5.20: σ1/2G(2)(t, x, y) at t = 4.
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Figure 5.21: Comparison of Figs. 5.8 and 5.18 at y = 0.
5.1.2 Time evolution of multiple-mode QIC and shockwave
Now, let us demonstrate the propagation of information encoded by multiple emitting
devices. In particular, we will analyze the case where emitting devices are pre-timed to
couple to the field in spatially separated regions in order to form a quantum shockwave,
which is shown to be useful to help control the flow of information in Ref. [37]
Suppose that a sender, Alice, prepares three sending devices modeled by UDW detec-
tors, each of which has Gaussian smearing
v
(1)




and v(2)(x) = 0, where xi denotes the spatial position of the ith detector. By using the
multi-mode QIC formula, it is possible to identify the carrier of information. The integrals
to calculate them can be evaluated as in the previous section.
In Figs. 5.22 and 5.23, the weighting functions for three modes are plotted for (3+1)-
and (2+ 1)-dimensional Minkowski spacetimes at t = 8, where the width of the Gaussian
smearing is fixed to be σ = 0.2 for all UDW detectors. The position of detectors are set
to be ti = i, xi = 5 + 1.5i and yi = zi = 0 for i = 1, 2, 3. In each figure, 4 × 3 weighting
functions are plotted separately and made to be dimensionless by using the length scale
σ. Note that some of them are overlapped and cannot be distinguished from this figure.
The plots for each weighting functions can be found in Figs. G.1-G.24 in Appendix G. In
both cases, the wavefront of the quantum shockwave can be identified.
Similar to the case of single-mode QICs, it is possible to confirm that the weighting
functions of QIC modes in (3 + 1)-dimensional Minkowski spacetime are sharper than
those in (2 + 1)-dimensional case, reflecting the fact that the strong Huygens principle
is valid in the former but not in the latter case [34, 35]. In order to make the difference
clear, we plot the weighting functions at z = y = 0 in Fig. 5.24. The weighting functions
in the (3 + 1)-dimensional case is well localized around the wavefront of the shockwave,
while those in the (2 + 1)-dimensional case have broader tails.
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Figure 5.22: The weighting functions at t = 8 and z = 0 for quantum shockwave forming
in (3 + 1)-dimensional Minkowski spacetime. In this figure, four weighting functions for
three modes are plotted separately.
Figure 5.23: The weighting functions at t = 8 for quantum shockwave forming in (2+ 1)-
dimensional Minkowski spacetime. In this figure, four weighting functions for three modes
are plotted separately.
56
5.2 Superadditivity of channel capacity









Figure 5.24: The comparison of {σF (2)i (t, x, 0, 0)}3i=1 for d = 3 and {σ1/2F
(2)
i (t, x, 0)}3i=1
for d = 2 at t = 8.
5.2 Superadditivity of channel capacity
So far, we have analyzed the encoding process and the propagation of QIC modes. Even




has a broader tail due to the correlations in fields, meaning that the QIC modes are
delocalized. It implies that encoded information is partially stored in spatial correlations
in general. Therefore, it is expected that the efficiency of communication will be enhanced
by using a detector system capable of capturing correlations, which is shown to be true
in this section. The concrete setup of communication is the following:
• Encoding:
A sender, Alice, prepares a qubit playing a role of emitter of the signal. She tries
to encode one classical bit information into a scalar field. When she encodes 0, she
does nothing to the field. On the other hand, her qubit is instantaneously coupled
to the field with an UDW-type interaction if she wants to encode 1. The coupling
between the qubit and the field causes a disturbance in the field. We assume that
the qubit and the field are initially in their ground states |g〉 and |0〉, respectively.
The encoding operation is described by a unitary operation
ÛA := e
−iλAµ̂A(tenc)⊗ÔA , (5.2.1)
where λA is the coupling constant, tenc is the time when Alice encodes information
and µ̂A is the monopole operator of Alice’s qubit defined by
µ̂A(t) := e
−iΩAt |g〉 〈e|+ eiΩAt |e〉 〈g| (5.2.2)
with the excited state |e〉, the ground state |g〉 and their energy gap ΩA > 0. The












where the real functions v
(1)
A (x) and v
(2)
A (x) characterize the spatial extent of Alice’s
emitter, which have finite supports. As an example of the coupling constant, we
assume that λA = 0 and λA = 1 correspond to encoded information 0 and 1,
respectively.
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• Decoding: A receiver, Bob, tries to decode the information by capturing the signal
emitted by Alice. Since the QIC mode, the carrier of information, is a delocalized
mode, the efficiency of communication will be enhanced by measuring spatial cor-
relations in the field. To investigate the enhancement, Bob prepares three detectors
B1, B2 and B3, which are located inside, on and outside the smeared light cone of
Alice’s encoding operation. For simplicity, we assume that his detectors are qubits
initially in their ground states |g〉Bi and pretimed to interact instantaneously with
the field at t = tdec > tenc. The decoding unitary operation is given by
ÛB := e
−iλB1 µ̂B1 (tdec)⊗ÔB1e−iλB2 µ̂B2 (tdec)⊗ÔB2e−iλB3 µ̂B3 (tdec)⊗ÔB3 , (5.2.4)
where µ̂Bi is the monopole operator of the detector Bi. Note that since the detectors
are spatially separated, the operators {ÔBi}3i=1 commute with each other.
After the interaction, a projective measurement to discriminate |g〉Bi and |e〉Bi on
each qubit is performed and Bob gathers the measurement results. The conditional
probability distribution of the measurement results is given by
pB1B2B3 (b1, b2, b3|λA) =
〈
Φ
∣∣∣ Û †AÛ †BÊb1,b2,b3ÛBÛA ∣∣∣Ψ〉 , (5.2.5)
where |Ψ〉 := |g〉B1 |g〉B2 |g〉B3 |g〉A |0〉 denotes the initial state and Êb1,b2,b3 is a
projection-valued measure defined by
Êb1,b2,b3 := |b1〉B1 〈b1|B1 ⊗ |b2〉B2 〈b2|B2 ⊗ |b3〉B3 〈b3|B3 (5.2.6)
for bi = e, g. Bob then tries to recover the bit Alice sent, or equivalently, the value
of λA, from the measurement results.
When Bob uses some of his detectors, the probability distribution of the measurement
results is given by the marginal distribution. For example, when he only uses his second




pB1B2B3 (b1, b2, b3|λA) . (5.2.7)
When Alice encodes 0 with probability q, the joint probability distribution is given by
pAB(a, b) :=
{
qpB(b|λA = 0) (if a = 0)
(1− q)pB(b|λA = 1) (if a = 1)
, (5.2.8)
where B denotes one of {B1, B2, B3, B1B2, B2B3, B1B3, B1B2B3} depending on the detec-
tors that Bob uses.
As a quantifier of efficiency of communication, let us adopt the classical channel ca-





5.2 Superadditivity of channel capacity


















q (if a = 0)






pAB(a, b) = qpB(b|0) + (1− q)pB(b|1). (5.2.12)
As a simple case where Alice’s emitter has a finite support, let us adopt the hard










A (x) = 0.













From the assumption, the detectors B1, B2 and B3 are located inside, on and outside
the smeared light cone of Alice’s encoding operation. Thus, we assume that
rB1 < RB1 < ∆t−RA < rB2 < RB2 < RA +∆t < rB3 < RB3 (5.2.15)
holds, where we have defined the ∆t := tdec − tenc. The spatial distribution of the emitter









Figure 5.25: The spatial distribution of the emitter and the receivers.
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5.2 Superadditivity of channel capacity
CB1 CB2 CB3 CB1B2 CB2B3 CB1B3 CB1B2B3
d = 3 0 0.0000339 0 0.0000345 0.0000374 0 0.0000380
d = 2 0.00167 0.00873 0 0.01022 0.01403 0.00168 0.015500
Table 5.1: Classical channel capacities from a sender, Alice, to a receiver, Bob. The radii
of detectors and the time difference are fixed RA = 1, rB1 = 0, RB1 = 0.9, rB2 = 1.1,
RB2 = 2.9, rB3 = 3.1, RB3 = 4, and ∆t = 2. The coupling constants are fixed as
λB1 = λB2 = λB3 = 0.2. The subscripts represent the detectors which Bob adopts. The
detectors B1, B2 and B3 are respectively located inside, on, and outside the smeared light
cone of Alice’s encoding operation.
The probability distribution is straightforwardly calculated as















〈g | si〉 〈si |Ui(t) | bi〉
〈
bi









































for bi = e, g, where we have introduced the eigenvectors of the Pauli-x operator |±〉 :=
1√
2
(|e〉 ± |g〉). The detailed derivation of Eq. (5.2.17) can be found in Appendix F. Equa-
tion (5.2.17) is independent of the energy gaps of the detectors since they couple to the
field instantaneously.
The channel capacities in (d + 1)-dimensional Minkowski spacetimes for d = 2, 3 are
numerically evaluated for parameters RA = 1, rB1 = 0, RB1 = 0.9, rB2 = 1.1, RB2 = 2.9,
rB3 = 3.1, RB3 = 4, ∆t = 2 and λB1 = λB2 = λB3 = 0.2. Eq. (5.2.15) is satisfied for this
set of parameters. The results are summarized in Table 5.1.
First, CB3 = 0 since there is no superluminal signaling. However, it does not mean that
the detectorB3 is useless in the decoding process. For example, CB2B3 > CB2(= CB2+CB3)
holds in both cases. It implies that the measurement result of B3 can be used to enhance
the efficiency of communication if it is processed with the results of other detectors. The
property of channel capacity in this communication process
CXY > CX + CY (5.2.18)
is called the superadditivity. The origin of this type of superadditivity is the spatial
correlations of the field mediating the signal as intuitively explained as follows: Even the
field is initially in its vacuum state, quantum fluctuation of the field has spatial correlations
due to entanglement. Therefore, quantum fields are fundamentally a noisy media in the
communication protocol, where the noises are spatially correlated. Although the detector
B3 does not receive the signal, it measures the vacuum fluctuation of the field. The result
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5.2 Superadditivity of channel capacity
of the detector B3 can be used to reduce the noise in the measurement of the detector B2
that receives the signal. As a consequence, the signal-to-noise ratio is increased and the
channel capacity from Alice to Bob is enhanced. It should be noted that in communication
through a classical field, this type of superadditivity is not observed since the classical
vacuum has no fluctuation.
Second, CB1 vanishes in (3+1)-dimensional Minkowski spacetime, while it does not in
the (2+1)-dimensional case. It implies that no signal can propagate inside the light cone
in (3 + 1)-dimensional Minkowski spacetime, meaning that the strong Huygens principle
holds. On the other hand, in (2 + 1)-dimensional Minkowski spacetime, the signal prop-
agates not only on the light cone but also inside the light cone since the strong Huygens
principle is violated. In both cases, the detector B1 can play a role of noise detector since
the superadditivity of the channel capacity CB1B2 > CB1 + CB2 holds. Therefore, even
when the strong Huygens principle is valid, the detector inside the smeared light cone is
useful to enhance the efficiency of communication.
Finally, let us remind the fact that the QIC method identifies the exact carrier of
information. Suppose that Bob prepares another detector B4 which only couples to modes
orthogonal to the QIC mode. Although the detector B4 is capable of capturing zero-point
fluctuation in the quantum field, its measurement results cannot enhance the efficiency of
communication even when it is combined with another detector, e.g., B2. In this sense,
the QIC is the exact carrier of information, including the effect of noise in the initial




In this PhD thesis, we have investigated where information is stored in quantum systems.
Since quantum systems typically have correlations due to entanglement, information is
usually partially stored in non-local correlations even when information is encoded by a
local operation. Analyzing information stored in non-local correlations, we have identified
the exact carrier of information as a smallest subsystem which is initially in a pure state
and on which the encoding operation acts. Such a carrier is termed a quantum information
capsule (QIC) [18, 19].
In Chap. 3, we have analyzed QICs in finite-dimensional systems, such as an N -qudit
system. If one encodes information on one of the qudits, a common picture is that of a
pair of partners, i.e., a two-qudit system, stores information. As is proved in Sec. 3.1,
however, when the encoding operation is generated by a Hermitian operator, it is shown
that a single-qudit system plays the role of a QIC for an arbitrary initial state. Encoded
information is generally scrambled due to the time-evolution of the system. When the
time-evolution is described by a unitary operator, information is preserved and can be
tracked by calculating the time-evolution of the QIC. For a sequence of multiple encoding
operations, the structure of information storage becomes complicated since information
encoded by each operation affects each other and cannot be stored independently. We then
analyzed a system with a chaotic dynamics described by Haar-random unitary operators.
Such a Haar-random dynamics is often adopted in the study of the fast scrambling effect
in black holes. We have found that if we encode information of multiple parameters
by a sequence of multiple encoding operations, they are typically stored independently
in macroscopic systems. From the viewpoint of QIC, this simplification of information
storage implies the emergence of multiple single-qudit QICs [20].
In Chap. 4, we have developed a method of QIC in continuous-variable systems, i.e.,
harmonic oscillator chains and scalar fields. For encoding operations generated by Hermi-
tian operators given by linear combinations of canonical variables, we have shown a for-
mula that uniquely identifies the exact modes carrying information, i.e., the QIC modes
in an arbitrary Gaussian pure state. By using the QIC formula, we have demonstrated
that a pair of partner modes is a special case of two-mode QICs. The partner formula has
been used in studies of the structure of entanglement and information storage in models
of black hole evaporation [12, 23] and an expanding universe [22]. In addition, it has been
used to optimize a way to extract entanglement from quantum fields [24, 25]. Since a
62
formula to identify the partner mode [22] can be derived from the QIC formula, the QIC
formula is of fundamental importance and is expected to be useful in various studies.
In Chap. 5, we investigated communication through quantum fields as an explicit
application of QIC formula. More concretely, we analyzed a scenario where a sender,
Alice, makes a disturbance in a scalar field, i.e., a signal, which then propagates through
a scalar field and is later captured by a receiver, Bob. We modeled the emitting and
receiving devices by UDW detectors. When Alice’s detectors are instantaneously coupled
to the field, the encoding unitary operation is generated by a finite number of Hermitian
operators, each of which is given by a linear combination of canonical variables. Thus, with
the QIC method, the modes carrying information can be identified. By calculating the
time evolution of QIC, propagation of information can be visualized. We have confirmed
that the strong Huygens principle is valid in (3 + 1)-dimensional Minkowski spacetime,
while it is violated in (2 + 1)-dimensional one. By analyzing the case where multiple
emitters are pre-timed to interact with the field in spatially separated regions, a quantum
shockwave can be generated which is capable of enhancing the efficiency of communication
[37]. By using the QIC method, we have successfully visualized the shockwave without
specifying decoding processes.
We further explored a new way to enhance the efficiency of communication by using
multiple receiving devices. Unlike classical fields, correlated quantum fluctuation ubiqui-
tously exists in quantum fields due to entanglement even when it is in its vacuum state.
Such a fluctuation plays the role of noise in communication. Receiving devices located
outside the light cone of Alice’s encoding cannot capture the signal. Nevertheless, they
are capable of measuring quantum fluctuation of the field. For example, by placing a
receiving device outside the light cone in addition to the one on the light cone, the signal-
to-noise ratio is increased and the efficiency of communication can be enhanced. By using
the method of QIC, it is possible to identify noise, i.e., fluctuations in the field, that is
capable of enhancing the efficiency.
The method of QIC presented in this PhD thesis has various potential applications
especially in the field of relativistic quantum information (RQI). One promising example
is the study of a communication setup where Alice and Bob use NA and NB emitters
and receivers, which may be called a quantum multiple input, multiple output (QMIMO)
setup. It generalizes the multiple input, multiple output antenna communication systems
(MIMO). In the limit of ultrafast coupling, the situation is drastically simplified and the
QIC formula enables us to identify (at most) (NA+NB) information-carrying modes that
are initially in a pure state in the standard form. Interactions among UDW detectors and
the field in encoding and decoding process can be recast into those among (NA + NB)
detectors and the (NA +NB)-mode oscillators each of them are in their “vacuum” state.
The generators are given by







The coefficients αi, βi,j and γi,j characterize the spatial entanglement of the field vacuum.
Calculation of channel capacity might remain hard, but the method of QIC will enable us
to help separate the analysis into two parts: (i) the analysis of propagation of the exact
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information-carrying modes through the spacetime and (ii) the encoding and decoding
operations among detectors and (NA +NB)-mode oscillators.
In Ref. [21] and in this PhD thesis, we have analyzed transmission of classical infor-
mation and calculated the classical channel capacity. If we only use classical channels,
we cannot transmit quantum entanglement, which is a resource of various important pro-
tocols in quantum information. Thus, it should be also quite interesting to analyze the
quantum channel capacities in QMIMO systems, for example, their superadditivity. In
fact, it is necessary to extend the setup of communication using an emitter and a receiver
to QMIMO setup to obtain non-vanishing quantum channel capacities if we work in the
ultrafast limit of coupling to perform calculations non-perturbatively. It is known that
in this limit, single interaction generated by a product of observables for a detector and
a field are entanglement breaking. Therefore, quantum channel capacities vanish if one,
i.e., Alice or Bob, uses a single detector [55]. For a QMIMO setup where both Alice and
Bob use more than two detectors, quantum channel capacities is non-vanishing in general
and it becomes possible to transmit pre-existing entanglement with an ancilla from Alice
to Bob.
Another example in RQI where the method of QIC is expected to be useful is the study
of entanglement harvesting, i.e., entanglement extraction from a quantum field. Quantum
fields have entanglement in different regions of spacetime [56, 57]. An operational way to
explore the properties of entanglement of a field is to calculate the amount of entanglement
extracted from the field. In a typical setup, two UDW detectors located at two spatially
separated regions, which initially shares no correlation with each other, interact with the
field locally. After the interaction, even though the detectors do not directly interact
with each other, they become entangled by extracting pre-existing entanglement from the
field. After early studies [58–60], numerous studies have been done both in flat spacetime
(among others, e.g.,[61–64]) and in curved spactimes [65–73]. We expect that the method
of QIC can be used to help maximize the amount of extracted entanglement since QIC
is composed of exact modes affected by interactions among UDW detectors and the field.
In this case, the calculation will be simplified by the method of QIC since the interaction
among UDW detectors and the field can be interpreted as that among UDW detectors
and QIC-mode oscillators. It should be noted that the protocol proposed in Ref. [24] and
further analyzed in Ref. [25] cannot be implemented by using two UDW detectors located
in spatially separated regions since partner modes have a spatial overlap in general.
Since the method of QIC is alway applicable to setups where UDW detectors are
instantaneously coupled to a field, developments in technique related to QIC will be quite
useful in other studies in RQI, such as the Unruh effect [32], its variant [74], and quantum
energy teleportation [51, 75]. The author expects that the framework of QIC will become
one of basic tools in future research in RQI.
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Theorem. (The Schmidt decomposition)
For any vector |Ψ〉AB ∈ HA ⊗ HB satisfying 〈Ψ|Ψ〉 = 1, there exist a set of positive





λi |ψi〉A ⊗ |ϕi〉B , (A.0.1)
where l ≤ min{dimHA, dimHB} and
∑l
i=1 λi = 1.
Proof. Without loss of generality, we can assume d := dimHA ≤ dimHB. Fix orthonor-
mal bases {|ψ′i〉A}di=1 and {|ϕ′j〉B}
dimHB











i ⊗ ϕ′j|Ψ〉 is a vector which is not necessarily orthonormal.
Defining a d× d complex matrix X whose components are given by
Xij := 〈χ′i|χ′j〉 , (A.0.3)

















≥ 0, ∀y ∈ Cd (A.0.4)
holds.
Define {λi}li=1 as a set of positive eigenvalues of X. By using a unitary matrix U
which diagonalizes X, let us introduce vectors |ψi〉A :=
∑d
j=1 Uji |ψ′j〉A and |χi〉B :=∑d
j=1 U
∗



















λiδij (i, j = 1, · · · , l)
0 (otherwise)
. (A.0.6)























λi |ψi〉A ⊗ |ϕi〉B , (A.0.7)
where we have defined vectors |ϕi〉B ≡
1√
λi
|χi〉B for i = 1, · · · , l, which are orthonormal.
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Appendix B
Proof of Eq. (2.4.22)
Let us first show the polar decomposition theorem:
Theorem. (The polar decomposition [13])
A square matrix A can always be decomposed in the following form:
A = UJ = KU, (B.0.1)
where U is a unitary matrix and J and K are positive semi-definite matrices. In particu-
lar, matrices satisfying Eq. (B.0.1) are unique and given by J :=
√
A†A and K :=
√
AA†.
Proof. Since a matrix J :=
√
A†A is positive semi-definite, its eigenvalue decomposition
is given by J =
∑
i λi |i〉 〈i|, where λi ≥ 0 and {|i〉}i is an orthonormal basis. Defining
|ψi〉 := A |i〉, it holds |ψi〉 = 0 if λi = 0 since 〈ψi|ψi〉 = 〈i|J2|i〉 = λ2i . For i with










∣∣ J2 ∣∣ j〉 = δij. (B.0.2)
It is always possible to extend the orthonormal vectors {|ei〉}i to an orthonormal basis by









λk |k〉 〈k|i〉 = λi |ei〉 = A |i〉 (B.0.3)
holds for all i. Therefore A = UJ , where U is a unitary matrix and J :=
√
A†A is a positive
semi-definite matrix. Introducing a positive semi-definite matrix K := UJU †, it holds
KU = UJ = A. This matrix satisfies K =
√
AA† since K2 = UJ2U † = UJ2U † = AA†
holds.
The matrix J is unique since for any positive semi-definite matrix J satisfying Eq. (B.0.1),
A† = J†U † = JU † holds, implying that
A†A = JU †UJ = J2 (B.0.4)




Let us apply the polar decomposition theorem to a symplectic matrix S ∈ Sp2N,R.
Since S is a real symplectic matrix, it is decomposed into S = OJ , where O is an
orthogonal matrix and J is a positive matrix. The condition SΩS⊤ = Ω implies that
S = −Ω(S⊤)−1Ω. Therefore, it holds































is positive definite, the unique-
















or equivalently, matrices O and J are symplectic.
Since the orthogonal group is compact, there exists a skew-symmetric matrix X such
that O = eX . On the other hand, since J is a positive definite matrix, it is rewritten as
J = eY , where Y := log J . Defining A := −ΩX and B := −ΩY , A and B are symmetric
since O and J are symplectic. Therefore, any symplectic matrix S can be recast into
S = eΩAeΩB, where A and B are symmetric matrices.
By using the Baker-Campbell-Hausdorff formula, it is shown that
Ŝ†H r̂ŜH = e




holds for any symmetric matrix H. Therefore, we finally get







where A and B are symmetric matrices satisfying S = eΩAeΩB ∈ Sp2N,R.
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Appendix C
Formulas for ensemble average over
Haar-random unitary matrices
Let Û be an operator on a D-dimensional Hilbert space H. Introducing an orthonormal
basis {|Ψi〉}Di=1, it can be expanded as Û =
∑




∣∣∣ Û ∣∣∣Ψj〉. Since the Haar measure is both right and left invariant under the
multiplication of a unitary matrix, it holds
UijU∗kl = aδikδjl (C.0.1)







δikδjj = aDδik (C.0.2)





Formulas for higher moments can be derived in a similar way. From the symmetry,
UijUklU∗xyU
∗
zw = b (δixδjyδkzδlw + δizδjwδkxδly) + c (δixδjwδkzδly + δizδjyδkxδlw) (C.0.4)












kw = δjw. (C.0.6)
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(δixδjwδkzδly + δizδjyδkxδlw) . (C.0.7)
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Appendix D
Commutativity of [Ĥi, Ĥj] in section
3.2





operator Ô. In order to analyze a quantity invariant under the scaling of operators, we















) ≥ 0. (D.0.1)













Ô(i) := ĥ(i) ⊗ Î⊗N−1d (D.0.3)




















where the overline denotes the ensemble average on unitary operators V̂1, · · · V̂k over the
Haar measure.















V̂i−1 · · · V̂j
)†
Ô(i)V̂i−1 · · · V̂j, (D.0.6)
by taking the ensemble average over the Haar measure for independent unitary operators

















V̂ †Ô(i)V̂ , Ô(j)
])† [
V̂ †Ô(i)V̂ , Ô(j)
])
, (D.0.7)
where the overline in the last line denotes the average of V̂ over the Haar measure.



















, D := dN . (D.0.8)









is typically exponentially close to zero in N .
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Appendix E
Uniqueness of QIC mode in
Gaussian states
For a given Hermitian operator Ô which is a linear combination of canonical variables
and a Gaussian state |Ψ〉, a corresponding QIC mode is characterized by a set of operator
(Q̂, P̂ ) satisfying the following three conditions: (i) [Q̂, P̂ ] = i, (ii) the mode is initially in
a pure state, and (iii) Ô is generated by Q̂ and P̂ . Imposing a condition that Q̂ and P̂ are
linear combinations of canonical variables, these conditions are recast into the following:




(ii) The mode is in a pure state, i.e., det (2m) = 1 holds for
m :=




∣∣∣ P̂ Q̂ ∣∣∣Ψ〉) 〈Ψ ∣∣∣ P̂ 2 ∣∣∣Ψ〉
 . (E.0.2)
(iii) Ô is a linear combination of operators Q̂ and P̂ , i.e.,
Ô = αQ̂+ βP̂ , α, β ∈ R. (E.0.3)
Here, we have assumed that the Gaussian state has vanishing first moments.
Suppose that two operators Q̂ and P̂ satisfies conditions (i) and (iii). Without loss of
generality, we can assume Ô = αQ̂ for α > 0, as proved by the following steps:
1. Since Ô 6= 0̂, either α or β is non-vanishing. When α = 0, redefine (Q̂, P̂ , α, β) as
(−P̂ , Q̂, β, α). Therefore, without loss of generality, we can assume α 6= 0.
2. Shifting Q̂ as Q̂ 7→ Q̂+ β
α
P̂ , Ô = αQ̂ holds.
3. If α < 0, redefine (Q̂, P̂ , α) as (−Q̂,−P̂ ,−α).
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Therefore, for a given Ô, we define Q̂ := 1
α
Ô with a real constant α.
For any given mode in a pure state, it is always possible to find canonical operators
with which the covariance matrix is in the standard form, m = 1
2
I2. Thus, the constant α





∣∣∣ Ô2 ∣∣∣Ψ〉. As is shown in subsection 4.1, P̂ := 1αfΨ (Ô) satisfies the
canonical commutation relation and m = 1
2
I2. Suppose that another operator P̂ ′ which is
given by a linear combination of canonical variables satisfies m = 1
2
I2. The operator P̂ ′ is
expanded as P̂ ′ = c1Q̂ + c2P̂ + Ŝ, where c1, c2 ∈ R and Ŝ commute both with Q̂ and P̂ .




∣∣∣ Q̂P̂ ′ ∣∣∣Ψ〉) = c1 〈Ψ ∣∣∣ Q̂2 ∣∣∣Ψ〉 (E.0.4)
holds, c1 vanishes by requiring Re
(〈
Ψ
∣∣∣ Q̂P̂ ′ ∣∣∣Ψ〉) = 0. In addition, since〈
Ψ




∣∣∣ P̂ ′2 ∣∣∣Ψ〉 = 12 implies Ŝ = 0, which conclude the proof of the
uniqueness of the QIC mode.
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Appendix F
The detailed derivation of
Eq. (5.2.17)
Here we use the following notation:
si = ±, |±〉 =
1√
2
(|e〉 ± |g〉) . (F.0.1)




























∣∣∣eiλAσ̂(A)x ÔAeiÔB(s1,s2,s3)e−iÔB(s′1,s′2,s′3)e−iλAσ̂(A)x ÔA∣∣∣gA,Ψ〉 , (F.0.3)
where we have defined






























eAeB = eBeAe[A,B]. (F.0.7)



















































where we have introduced annihilation operators âk that annihilate the Gaussian state
|Ψ〉, i.e., âk |Ψ〉 = 0. On the other hand,〈
Ψ
∣∣∣ Ô2 ∣∣∣Ψ〉 = ∫ ddk|c(k)|2. (F.0.10)
Thus, 〈
Ψ
∣∣∣ eiÔ ∣∣∣Ψ〉 = e− 12〈Ψ | Ô2 |Ψ〉. (F.0.11)








∣∣∣ (ÔB(s1,s2,s3)−ÔB(s′1,s′2,s3))2 ∣∣∣Ψ〉e 12〈Ψ | [ÔB(s1,s2,s3),ÔB(s′1,s′2,s′3)] |Ψ〉
× e−λAsA〈Ψ | [ÔA,ÔB(s1,s2,s3)] |Ψ〉e−λAsA〈Ψ | [ÔB(s′1,s′2,s′3),ÔA] |Ψ〉. (F.0.12)
The first factor is calculated as follows:〈
0



































Since the operators ÔBi commute with each other,〈
Ψ
∣∣∣ [ÔB(s1, s2, s3), ÔB(s′1, s′2, s′3)] ∣∣∣Ψ〉 = 0 (F.0.14)






























































〈g | si〉 〈si |Ui(t) | bi〉
〈
bi









































The first factor of the summand is given by






i (if bi = e)
1
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1 (t, x, y, 0) at t = 0 and z = 0 for d = 3.
Figure G.2: σF
(2)




1 (t, x, y, 0) at t = 8 and z = 0 for d = 3.
Figure G.4: σG
(2)
1 (t, x, y, 0) at t = 8 and z = 0 for d = 3.
Figure G.5: σ2F
(1)




2 (t, x, y, 0) at t = 0 and z = 0 for d = 3.
Figure G.7: σ2G
(1)
2 (t, x, y, 0) at t = 8 and z = 0 for d = 3.
Figure G.8: σG
(2)




3 (t, x, y, 0) at t = 0 and z = 0 for d = 3.
Figure G.10: σF
(2)
3 (t, x, y, 0) at t = 0 and z = 0 for d = 3.
Figure G.11: σ2G
(1)




3 (t, x, y, 0) at t = 8 and z = 0 for d = 3.
Figure G.13: σ3/2F
(1)
1 (t, x, y) at t = 0 for d = 2.
Figure G.14: σ1/2F
(2)




1 (t, x, y) at t = 8 for d = 2.
Figure G.16: σ1/2G
(2)
1 (t, x, y) at t = 8 for d = 2.
Figure G.17: σ3/2F
(1)




2 (t, x, y) at t = 0 for d = 2.
Figure G.19: σ3/2G
(1)
2 (t, x, y) at t = 8 for d = 2.
Figure G.20: σ1/2G
(2)




1 (t, x, y) at t = 0 for d = 2.
Figure G.22: σ1/2F
(2)
1 (t, x, y) at t = 0 for d = 2.
Figure G.23: σ3/2G
(1)




1 (t, x, y) at t = 8 for d = 2.
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